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A stability criterion is worked out for the superconducting phase. The validity of a prerequisite,
established previously for persistent currents, is thereby confirmed. A comparison is made with
the Ginzburg-Landau and BCS approaches. The critical temperature Tc is reckoned with help of
the microscopic parameters, characterizing the normal and superconducting electrons. A route to
higher Tc is outlined. The isotope effect is analyzed. Several experiments, intended at validating
this analysis, are presented, including one giving access to the specific heat of high-Tc compounds.
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I. INTRODUCTION
In the mainstream view1–3, the thermal properties of
superconductors are discussed within the framework of
the BCS theory4, for which an attractive interaction be-
tween conduction electrons is assumed as a necessary
condition. However, since such an assumption has been
shown not to be consistent with persistent currents and
thermal equilibrium5, nor with the Josephson effect6,
this work is aimed at accounting for the stability of the
superconducting state with help of thermodynamics7, the
properties of the Fermi gas8 and recent results5,9, claimed
to be valid for all superconductors, including low and
high Tc materials.
The outline is as follows : the specific heat of the super-
conducting phase is calculated in section 2, which enables
us to assess its binding energy and thereby to confirm
and refine a necessary condition, established previously
for the existence of persistent currents9; a toy model is in-
troduced in section 3 to calculate Tc and study its depen-
dence upon electron concentration; section 4 is concerned
with how intrumental the electron-phonon and hyperfine
interactions might be on superconductivity; new experi-
ments, dedicated at validating this analysis, are discussed
in section 5 and the results are summarised in the con-
clusion.
II. BINDING ENERGY
As in our previous work5,6,9–12, the present analysis
will proceed within the framework of the two-fluid model,
for which the conduction electrons comprise bound and
independent electrons, in respective temperature depen-
dent concentration cs(T ), cn(T ). They are organized, re-
spectively, as a many bound electron5 (MBE), BCS-like4
state, characterised by its chemical potential µ(cs), and a
Fermi gas8 of Fermi energy EF (T, cn). The Helmholz free
energy of independent electrons per unit volume Fn and
EF on the one hand, and the eigenenergy per unit volume
Es(cs) of bound electrons and µ on the other hand, are
related7,8, respectively, by EF = ∂Fn∂cn and µ =
∂Es
∂cs
. At
last, according to Gibbs and Duhem’s law7, the two-fluid
model fulfils9 at thermal equilibrium
EF (T, cn(T )) = µ(cs(T )), c0 = cs(T ) + cn(T ), (1)
with c0 being the total concentration of conduction elec-
trons. Solutions of Eq.(1) are given for T = 0, Tc in Fig.1.
Besides, Eq.(1) has been shown5,9 to read for T = Tc (see
B in Fig.1)
EF (Tc, c0) = µ(cs = 0) = εc/2 , (2)
with εc being the energy of a Cooper pair13. Then the
binding energy of the superconducting state Eb(T < Tc)
has been worked5,14 out as
Eb(T ) =
∫ Tc
T
(Cs(u)− Cn(u)) du , (3)
with Cs(T ), Cn(T ) = (pikB)
2
3 ρ(EF )T, being the elec-
tronic specific heat of a superconductor, flown through
by a vanishing current5 and that of a degenerate Fermi
gas8 (kB , ρ(EF ) stand for Boltzmann’s constant and
the one-electron density of states at the Fermi en-
ergy). Due to Eq.(3), a stable superconducting phase
⇔ Eb > 0 requires Cs(T ) > Cn(T ), which is confirmed
experimentally1,8, namely Cs(Tc) ≈ 3Cn(Tc).
The bound and independent electrons contribute, re-
spectively,
Es(cs) =
∫ cs
0 µ(u)duEn(T, cn) =
∫ u
b
ρ()f(− EF , T )d ,
to the total electronic energy E = En+Es (, f(−EF , T )
refer to the one-electron energy and Fermi-Dirac distri-
bution, while b, u designate the lower and upper lim-
its of the conduction band). Then, thanks to Eq.(1)
(⇒ dcn + dcs = dEF − dµ = 0), Cs(T ) = dEdT is inferred
to read
Cs =
∂En
∂T
−EF ∂cn
∂T
+ dEF
dT
(
∂En
∂EF
− EF ∂cn
∂EF
)
, (4)
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FIG. 1. Schematic plots of EF (T = 0, cn), EF (Tc, cn),
EF (T > Tc, cn) and µ(cs) as solid, dashed-dotted, dotted
and dashed lines, respectively; ∂µ
∂cs
has been taken to be con-
stant for simplicity; the origin EF = µ = 0 is set at the
bottom of the conduction band; the crossing points A,B of
EF (0, cn), EF (Tc, cn), respectively, with µ(cs), exemplify sta-
ble solutions of Eq.(1); the tiny differences EF (T, cn)−µ(c0−
cn) have been hugely magnified for the reader’s convenience.
with cn = cn(T ), cs = cs(T ), EF = EF (T, cn(T )). Be-
cause the independent electrons make up a degenerate
Fermi gas (⇒ T << TF = EF /kB), Eq.4 can be recast,
owing to the Sommerfeld expansion8 up to T 2, into
Cs(T ) =
(pikB)2
3 ρT
(
1 + dEF
dT
ρ′
ρ
T
)
, (5)
with ρ = ρ(EF ), ρ′ = dρdEF (EF ). Applying Eq.5 at T = Tcyields
Cs(Tc) = Cn(Tc)
(
1 + dEF
dT
(T−c )
ρ′
ρ
Tc
)
. (6)
Hence it is in order to work out the expressions of
dEF
dT (T > Tc) and
dEF
dT (T ≤ Tc).
Due to cn(T > Tc) = c0, dEFdT is deduced8 to read
dEF
dT
(T > Tc) = −
∂cn
∂T
∂cn
∂EF
= − (pikB)
2
3
ρ′
ρ
T , (7)
which is integrated with respect to T to yield
EF (T = 0, c0)− EF (T, c0) = (pikB)
2
6
ρ′
ρ
T 2 . (8)
Then consistency with Fig.1 requires ρ′(EF ) > 0 so that
C goes toward B for T ↘ Tc. Assuming ρ() = ρf () ∝√
⇒ ρ′f () > 0,∀, with ρf () being the density of states
of three-dimensional free electrons, leads to
1− EF (T > Tc)
EF (0, c0)
= pi
2
12
(
T
TF
)2
.
A numerical application with a typical value TF =
3 × 104K yields TF (300K) − TF (0) ≈ 3K << TF ⇒∣∣dTF
dT
∣∣ << 1.
Taking advantage of Eq.1, the expression of dEFdT (T ≤
Tc) is obtained to read
dcn = ∂cn∂EF dEF +
∂cn
∂T dT
dcs = ∂cs∂µ dµ
}
⇒ dEF
dT
= −
∂cn
∂T
β(T ) , (9)
with β(T ) = ∂cn∂EF +
∂cs
∂µ . The Sommerfeld expansion8
leads to
α = dEF
dT
(T−c )
ρ′
ρ
Tc = − (pikBρ
′Tc)2
3ρβ(Tc)
. (10)
Thus, looking back at Eq.6, it is realized that the
observed1,8 relation Cs(Tc) ≈ 3Cn(Tc) requires α > 0⇒
β(Tc) < 0, which had been already identified9 as a nec-
essary condition for the superconducting state to be at
thermal equilibrium. At last α reads in case of ρ = ρf
α = pi
2
12
(
T
TF
)2
ρ
∂EF
∂cn
(
1 + ∂EF
∂cn
∂cs
∂µ
)−1
.
Due to TTF << 1 and ρ
∂EF
∂cn
≈ 1, getting α ≈ 2 requires
β(Tc) ≈ 0⇒ ∂EF∂cn +
∂µ
∂cs
≈ 0, so that the stability criterion
of the superconducting state reads finally
∂EF
∂cn
(Tc, c0) = − ∂µ
∂cs
(0), ρ′(EF (Tc, c0)) > 0 . (11)
Because of ∂EF∂cn (Tc, c0) ≈ 1ρ > 0, Eq.(11) is seen to be
consistent with ∂µ∂cs (cs) < 0, established previously
9 as
a prerequisite for persistent currents. At last, note that
there is dTFdT (T ≤ Tc) >> 1 but inversely 0 < −dTFdT (T >
Tc) << 1.
In order to grasp how demanding the constraint ex-
pressed by Eq.(11) is, let us elaborate the case for which
Eq.(11) is not fulfilled (⇒ Cs(Tc) < Cn(Tc)). Accord-
ingly the hatched area in Fig.1 is equal to the difference in
free energy at T = 0 between the superconducting phase
and the normal one, and thence also equal to Eb(0) > 0
because the entropy of the normal state vanishes7 at
T = 0. However applying Eq.(3) with Cs(Tc) < Cn(Tc)
yields Eb(0) < 0, which contradicts the above opposite
conclusion Eb(0) > 0, and thereby entails that the MBE
state, associated with A in Fig.1, is not observable at
thermal equilibrium in case of unfulfilled Eq.(11), even
though it is definitely a MBE eigenstate15–17 of the Hub-
bard Hamiltonian, accounting for the motion of interact-
ing electrons.
An upper bound of Eb(0) can be found by taking ad-
vantage of the hatched area in Fig.1 being equal to Eb(0).
Thus we get
Eb(0) =
∫ c0
cn(0)
(EF (0, u)− µ(us)) du ,
3with us = c0 − u. Assuming ρ() = ρf (), the inequality
(see Fig.1)
EF (T, u)−µ(us) ≤ EF (0, c0)−EF (Tc, c0) = (pikBTc)
2
6
ρ′
ρ
enables us to obtain the searched upper bound per elec-
tron as
Eb(0)
EF (Tc, c0)
≤ pi
2
12
(
Tc
TF
)2
.
Applying this formula to Al (Tc = 1.2K,TF ≈ 3×104K)
gives Eb(0)EF (Tc,c0) < 10
−8. Moreover, that latter result
had enabled us to realize11 that the formula Eb(0) =
µ0Hc(0)2/2, albeit ubiquitous in textbooks1–3 (Hc(T ≤
Tc), µ0 refer to the critical magnetic field and the mag-
netic permeability of vacuum, respectively), underesti-
mates Eb(0) by ten orders of magnitude.
Since fulfilling Eq.(11) is tantamount to β(Tc) = 0,
which entails dEFdT (T → T−c ) → ∞ and thence Cs(T →
T−c ) → ∞, it must be checked that E(T ) =
∫ T
0 Cs(u)du
remains still finite for T → T−c . To that end, let us work
out the Taylor expansion of µ(cs), EF (T, cn) up to the
second order around T = Tc, cs = 0
µ(cs) = µ(0) + ∂µ∂cs (0)cs +
∂2µ
∂c2s
(0) c
2
s
2
EF (T, cn) = EF (Tc, c0)− csρ − ρ
′
ρ3
c2s
2
+ (pikB)
2
6
ρ′
ρ
(
T 2c − T 2
) ,
for which we have used cn = c0 − cs, cs = cs(T ), ∂EF∂cn =
1
ρ ⇒ ∂
2EF
∂c2n
= − ρ′ρ3 . Then taking advantage of Eqs.(1,2)
(⇒ EF (T, cn) = µ(cs), EF (Tc, c0) = µ(0)) and Eq.(11)
(⇒ β(Tc) = ∂µ∂cs (0) + 1ρ = 0) results into
cs(T → T−c ) = pikB
√√√√ ρ′ (T 2c − T 2)
3
(
ρ∂
2µ
∂c2s
(0) + ρ′ρ2
) ∝√Tc − T ,
which is seen to disagree with cs ∝ Tc − T , deduced3
from the phenomenological equation by Ginzburg and
Landau18 in case of a homogeneous superconductor.
Likewise, let us calculate similarly the Taylor expan-
sion of β(T ) ∝ ∂EF∂cn +
∂µ
∂cs
up to the first order around
T = Tc, cs = 0
β(T → T−c ) ∝
(
∂2µ
∂c2s
(0)− ∂2EF∂c2n (Tc, c0)
)
cs ⇒
β(T → T−c ) ∝
√
Tc − T ⇒ E(T → T−c ) ∝
√
Tc − T
,
whence E(T → T−c ) is concluded to remain indeed finite.
At last, we shall work out the expression of jM (T →
T−c ), the maximum current density js, conveyed by
bound electrons5). Since js has been shown5 to depend
solely on cs, its maximum value jM (T ) reads5
jM = ecm(T )
√
2
m
(EF (T, c0 − cm(T ))− µ(cm(T ))) ,
with e,m standing for the charge and effective mass of
the electron, while cm(T ) = 23cs(T ) designates the corre-
sponding value of cs, i.e. js(cm) = jM . Hence jM reads5
finally
jM (T ) = er√m
( 2
3cs(T )
)1.5
r =
√
∂EF
∂cn
(cn(T )) + ∂µ∂cs (cs(T ))
.
It ensues from β(Tc) = 0 that the leading term of the
Taylor expansion of r around T = Tc, cs = 0 reads
r (T → T−c ) ∝
√
cs(T )⇒ r ∝ (Tc − T )
1
4 ⇒
jM (T → T−c ) ∝ Tc − T
,
which is to be compared with the maximum persistent
current density5 jc (T → T−∗ ) ∝
√
T∗ − T with T∗ < Tc.
In the BCS model4, the energy of the MBE state
Es is reckoned by applying a variational procedure to a
truncated Hubbard Hamiltonian5,15–17 with the Hubbard
constant U < 0, corresponding to an attractive inter-
electron coupling. Consequently, due to the property5
U ∂µ∂cs < 0, taking U < 0 implies
∂µ
∂cs
> 0, which leads
to the conclusion that the BCS model cannot allow for
persistent currents9, the Josephson effect6 and a stable
superconducting state, because all of those features re-
quire conversely ∂µ∂cs < 0.
III. CRITICAL TEMPERATURE
The Tc dependence on the microscopic parameters,
characterising the electron motion, will be discussed in-
side a model for which the independent electrons are
taken to populate a band accomodating at most two elec-
trons per unit-cell with ρ() = ρf (), which results into
ρ() = η
√
− b ⇒ c0 = 23η (EF (0, c0)− b)
3
2 , (12)
with η =
√
2m
3
2 V
pi2~3 , whereas b, V stand for the bottom
of the conduction band and the volume of the unit-cell,
respectively.
The bound electron properties will be dealt within a
BCS-like picture5, the main results of which are recalled
now. The energy of a Cooper pair13 εc(K) is obtained as
the solution of
1
U
=
∫ tK
−tK
ρK(ε)
εc(K)− εdε . (13)
U > 0, ε,±tK are, respectively, the Hubbard constant,
the energy of an independent electron pair of wave-vector
K and the upper and lower bounds of the two-electron
band, pertaining to K. Its dispersion will be mimicked
by the density of states ρK(ε) = 2pitK
√
1−
(
ε
tK
)2
⇒∫ tK
−tK ρK(ε)dε = 1 electron pair per unit-cell (the originof one and two electron energies , ε is set in the middle
4TABLE I. solutions c0(Tc), tK(Tc),∆(Tc) (∆(Tc) =
EF (0, c0(Tc))− b) of Eqs.(15), calculated for Tc = 1K, 400K
and various U values; the unit for c0 is the number of
conduction electrons per unit-cell.
Tc(K) c0 tK(eV ) ∆(eV ) U(eV )
1 0.10215 6 1.1976 3.39
400 0.10225 5.9999 1.1984 3.39
Tc(K) c0 tK(eV ) ∆(eV ) U(eV )
1 0.14897 2 1.5402 1.04
400 0.14906 1.9999 1.5407 1.04
Tc(K) c0 tK(eV ) ∆(eV ) U(eV )
1 0.19158 4 1.8214 2.2
400 0.19167 3.9999 1.8219 2.2
of the two-electron band). Moreover, ∂µ∂cs (cs = 0) < 0
has been shown5 to read
∂µ
∂cs
(K, cs = 0) = −
∫ tK
−tK
ρK(ε)
(εc(K)−ε)3 dε
2
(∫ tK
−tK
ρK(ε)
(εc(K)−ε)2 dε
)2 . (14)
With help of Eqs.(2,8,11) and the Sommerfeld ex-
pansion
(
⇒ ∂EF∂cn (Tc, c0) =
(
ρ+ ρ′′ (pikBTc)
2
6
)−1
with
ρ
′′ = d
2ρ
dE2
F
(EF )
)
, a system of two equations can be
derived as
EF (0, c0)− ρ
′
ρ
(pikBTc)2
6 − εc(K)2 = 0
1
ρ − ρ
′′
ρ2
(pikBTc)2
6 +
∂µ
∂cs
(K, cs = 0) = 0
, (15)
which is to be solved for the two unknowns c0(Tc), tK(Tc)
with Tc being dealt with as a disposable parameter.
To that end, starting values are assigned to U, tK ,
which gives access to εc(K), ∂µ∂cs (K, cs = 0) thanks to
Eqs.(13,14) and thence to EF (0, c0) , b and finally to c0,
owing to Eqs.(2,11,12). Those values of c0, tK are then
fed into Eqs.(15) to launch a Newton procedure, yield-
ing the solutions c0(Tc), tK(Tc). The results, obtained
with V = 17Å3, which corresponds to Al, are presented
in table I. Since we intend to apply the results of this
work to high-Tc compounds19, we have focused upon
low concentrations c0 < 0.2, which entails, in view of
Eqs.(11,12), that
∣∣∣ ∂µ∂cs ∣∣∣ takes a high value. This requires
in turn εc(K) → tK (see Eq.(14)) and thence5 U → tK2 ,
in agreement with tKU ≈ 2 in table I.
A remarkable property of the data in table I is that
c0, tK are barely sensitive to large variations of Tc, i.e.
|dc0| < 10−3, |dtK | < 10−5 for dTc ≈ 400K. This can
be understood as follows : taking advantage of Eqs.(2,8)
results into
2EF (0, c0)
εc(K)
− 1 = pi
2
12
(
Tc
TF
)2
,
which, due to Eq.(12) and dtKdTc ≈ 0, TF ≈ 104K,Tc =
400K, yields indeed δc0 = c0(400K) − c0(1K) ≈ 10−3,
in agreement with the data in table I. Such a result is
significant in two respects, regarding high-Tc compounds,
for which c0 can be varied over a wide range :
• because of dc0dTc ≈ 0, the one-electron band structurecan be regarded safely as c0 independent, which
enhances the usefulness of the above analysis;
• the large doping rate up to≈ 0.2 is likely to give rise
to local fluctuations of c0, which, in view of the ut-
most sensitivity of Tc with respect to c0, will result
into a heterogeneous sample, consisting in domains,
displaying Tc varying from 0 up to a few hundreds
of K. Thus the observed Tc turns out to be the
upper bound of a broad distribution of Tc values,
associated with superconducting regions, the set of
which makes up a percolation path throughout the
sample. However, if the daunting challenge of mak-
ing samples, wherein local c0 fluctuations would be
kept well below 10−4, could be overcome, this might
pave the way to superconductivity at room temper-
ature.
As an illustrative example, cs(T ), Cs(T ) have been
reckoned and plotted in Fig.2. Those data agree qual-
itatively with experimental results, obtained in gapless
superconductors. Accordingly, cs(T ) decreases slowly
with increasing T and there is cs (T → Tc) ∝
√
Tc − T ,
as shown above, whereas Cs(T ) grows linearly for T in-
creasing from 0 and soars suddenly up to ≈ 4Cn(Tc) for
T → Tc, namely 1− TTc < 0.003, which has been ascribed
above to dEFdT (T → T−c )→∞. A similar, steep variation
of the skin depth has already been discussed elsewhere12.
The T linear behaviour, i.e. Cs(T ) ∝ ρ (EF (0, cn(0)))T ,
is to be expected from Eq.(4) in case of |β| not being very
small (⇒ α << 1). Conversely, due to β (T → Tc) → 0,
Cs diverges toward infinity like 1/
√
Tc − T for T → Tc,
as shown above. The main drawback of this model is
that cs(0) is bound to be very close to cs(Tc) = 0, so
that it cannot be applied to materials, displaying a fi-
nite superconducting gap, because they exhibit inversely
cs(0) = c0. It results from two conflicting constraints,
namely β ≈ 0 over a sizeable T range below Tc on the
one hand, which requires ρ′ < 0, and Eq.(11) requir-
ing inversely ρ′ > 0 on the other hand. Such a contra-
diction can be solved only by assuming that there are
at least two one-electron bands, overlapping at EF (Tc)
and characterised respectively by ρ′1 (EF (Tc)) < 0 and
ρ′2 (EF (Tc)) > 0, which appears to concur with Matthias’
empirical rule20, saying that superconductivity has never
been observed in metals having only s-like conduction
electrons.
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FIG. 2. Plots of cs(T ), Cs(T ) for a gapless superconductor;
the data have been obtained with Tc = 300K, tK = 4eV, U =
2.2eV, c0 = 0.19, cs(0) = 0.0031c0.
At last, let us assign the εc, Tc dependences on the
Hubbard constant U . It can be inferred from Eq.(13)
∂εc
∂U
=
(
U2
∫ tK
−tK
ρK(ε)
(εc(K)− ε)2
dε
)−1
. (16)
Then taking advantage of Eqs.(2,8) leads finally to
∂εc
∂Tc
= −2 (pikB)
2
3
ρ′
ρ
Tc . (17)
Since ∂εc∂U > 0 and
∂εc
∂Tc
< 0 can be deduced from
Eqs.(16,17), we get finally the inequality
δUδTc < 0 . (18)
IV. ISOTOPE EFFECT
Substituting, in a superconducting material, an atomic
species of mass M by an isotope, is well-known1–3
to alter Tc. This isotope effect was ascribed to the
electron-phonon coupling, on the basis of the observed
relation Tc
√
M = constant. The ensueing theoretical
treatment1–3 capitalised21 on Froehlich’s perturbation22
calculation of the self-energy of an independent elec-
tron induced by the electron-phonon coupling. However
since the BCS picture4 has subsequently ascertained the
paramount role of interelectron coupling, we shall rather
focus hereafter on the effective phonon-mediated interac-
tion between two electrons.
Thus let us consider independent electrons of spin σ =
±1/2, moving in a three-dimensional crystal, containing
N sites. The dispersion of the one-electron band reads
(k) with (k), k being the electron, spin-independent
(⇒ (−k) = (k)) energy and a vector of the Brillouin
zone, respectively. Their motion is governed, in recipro-
cal space, by the Hamiltonian Hd
Hd =
∑
k,σ
(k)c+k,σck,σ ,
with the sum over k to be carried out over the whole Bril-
louin zone. Then the c+k,σ, ck,σ’s are Fermi-like creation
and annihilation operators2 on the Bloch state |k, σ〉
|k, σ〉 = c+k,σ |0〉 , |0〉 = ck,σ |k, σ〉 ,
with |0〉 being the no electron state. Let us introduce
now the electron-phonon1–3,21 coupling he−φ
he−φ =
gq√
N
∑
k,k′,σ
c+k,σck′,σ
(
a+q + a−q
)
,
with q = k′ − k and gq ∝ (ωqM)−1/2 being the coupling
constant characterising the electron-phonon interaction.
Likewise, ωq = vsq is the phonon frequency, while vs
stands for the sound velocity and the a+q , aq’s are Bose-
like creation and annihilation operators2 on the nq ∈ N
phonon state |nq〉
a+q |nq〉 =
√
nq + 1 |nq + 1〉 , aq |nq〉 = √nq |nq − 1〉 .
Because of 〈k |he−φ| k′〉 = 0,∀k, k′ with |k〉 =
c+k,+c
+
−k,− |0〉 , |k′〉 = c+k′,+c+−k′,− |0〉, we shall deal with
he−φ as a perturbation with respect to Hd, in order to
reckon 〈k |k′2 〉 with |k′2〉 denoting |k′〉 perturbed at second
order22. Accordingly, we first introduce the unperturbed
electron-phonon eigenstates∣∣∣k˜〉 = |k〉⊗ |nq〉+ |n−q〉√
2
,
∣∣∣k˜′〉 = |k′〉⊗ |nq〉+ |n−q〉√
2
,
with nq = n−q = n. Their respective energies read
E(k) = 2(k) + n~ωq, E(k′) = 2(k′) + n~ωq. Then we
reckon
∣∣∣k˜′2〉 and further project it onto ∣∣∣k˜〉, which yields〈
k˜
∣∣∣k˜′2〉 = g2q2N (〈k˜ |he−φ|ϕ+〉〈ϕ+ |he−φ| k˜′〉
+
〈
k˜ |he−φ|ϕ−
〉〈
ϕ− |he−φ| k˜′
〉)
ϕ+ = c+k,+c
+
−k′,− |0〉 ⊗
(√
n+1
D+
|nq + 1〉+
√
n
D−
|n−q − 1〉
)
ϕ− = c+k′,+c
+
−k,− |0〉 ⊗
(√
n+1
D+
|n−q + 1〉+
√
n
D−
|nq − 1〉
) ,
with D± = k−k′±~ωq. The searched xk,k′ = N 〈k |k′2 〉
is then inferred to read
xk,k′ =
(2n(T ) + 1) g2q(
(k − k′)2 − (~ωq)2
) ,
with n(T ) =
(
e
~ωq
kBT − 1
)−1
being the thermal average
of n±q. Moreover it can be checked that xk,k′ = xk′,k.
Thus, for q not close to the Brillouin zone center (the
6most likely occurence), there is xk,k′ > 0, xk,k′ << 1,
whereas xk,k′ < 0 can be found only for q ≈ 0. Though
the hereabove expression is redolent of one derived by
Froehlich21, their respective significances are unrelated,
since Froehlich interpreted the self-energy of one electron
and one phonon bound together in terms of virtual tran-
sitions between various electron-phonon states, whereas
xk,k′ refers to the dot product of two-electron-states.
Projecting the hermitian BCS Hamiltonian H onto the
basis {|k2〉 , |k′2〉} yields
Hk2,k2 = 2
(
k +
xk,k′U
N2 +
x2
k,k′
N2 k′
)
Hk2,k′2 =
U
N
(
1 + x
2
k,k′
N2
)
+ 2xk,k′N (k + k′)
Hk′2,k′2 = 2
(
k′ +
xk,k′U
N2 +
x2
k,k′
N2 k
) ,
whence it can be concluded within the thermodynamic
limit (N → ∞) that the diagonal matrix elements
Hk,k remains unaltered by the electron-phonon coupling,
whereas U is slightly renormalised to U+2xk,k′ (k + k′).
Unfortunately, since xk,k′ is not separable with respect
to k, k′, Eq.(13) cannot be solved for εc, so that no ob-
servable prediction can be made regarding the isotope
effect.
Because, in some materials, the observed isotope effect
does not to comply with Tc
√
M = constant, it has been
ascribed tentatively23 to the hyperfine24 interaction, cou-
pling the nuclear and electron spin, provided the electron
wave-function includes some s-like character. We shall
derive the corresponding xk,k′ , by proceeding similarly
as above for the electron-phonon one and keeping the
same notations.
The Hamiltonian reads for nuclear spins = 1/2 in re-
ciprocal space
Hh =
A√
N
∑
k,k′
c+k,+c−k′,−I
−
q + c+−k,−ck′,+I
+
q ,
with A being the hyperfine constant, ± referring to the
two spin directions and q = k + k′. Likewise, the
I± = σx±iσy2 ’s, with σx, σy being Pauli’s matrices24 char-
acterising the nuclear spin, operate on nuclear spin states
|±〉. Note that the term ∝ σz has been dropped because
it turned out to contribute nothing to xk,k′ . The unper-
turbed eigenstates read∣∣∣k˜〉 = |k〉 ⊗ |+〉q + |−〉q√
2
,
∣∣∣k˜′〉 = |k′〉 ⊗ |+〉q + |−〉q√
2
.
Their respective energies are E(k) = 2(k), E(k′) =
2(k′). Then xk,k′ , 〈k |k′2 〉 read in this case
xk,k′ = − A24(k′−k)2
〈k |k′2 〉 = xk,k′N
〈
k˜ |hh|ϕ
〉〈
ϕ |hh| k˜′
〉
ϕ = c+k,+c
+
k′,+ |0〉 ⊗ |−〉q + c+−k,−c+−k′,− |0〉 ⊗ |+〉q
.
Except for having the opposite sign, xk,k′ has the same
properties as in case of the electron-phonon coupling,
which causes U to be renormalised to a slightly lesser
value.
V. EXPERIMENTAL OUTLOOK
Three experiments, enabling one to assess the validity
of this analysis, will be discussed below. The first one ad-
dresses the determination of ∂µ∂cs , which plays a key role
for the existence of persistent currents9 and the stability
of the superconducting phase (see Eq.(11)). As shown
elsewhere5, the partial pressure p(T ≤ Tc), exerted by
the conduction electrons, and their associated compress-
ibility coefficient25 χ(T ) read
p = cnEF (cn)− Fn(cn) + csµ(cs)− Es(cs)⇒
χ = − dVV dp =
(
c2n
∂EF
∂cn
+ c2s ∂µ∂cs
)−1 , (19)
with cn = cn(T ), cs = cs(T ) and V being the sample vol-
ume. Provided the one-electron band structure is known,
which gives access to ∂EF∂cn (T ) and cs(T ) has been as-signed thanks to skin-depth measurement, as explained
elsewhere10, Eq.(19) might enable one to confirm ∂µ∂cs < 0
and even to check the validity of Eq.(11).
The validity of the equilibrium condition expressed by
Eq.(1) can be checked by shining UV light of variable
frequency ω onto the sample and measuring the electron
work function8 w(T ≤ Tc) by observing two distinct pho-
toemission thresholds w1 = ~ω1 = EF (T ), w2 = ~ω2 =
2µ(T ), associated respectively with single electron and
electron pair excitation. Observing ω2 = 2ω1 would val-
idate Eq.(1). Besides, if cs(T ) is known, µ(cs) could be
charted. Note also that, if such an experiment were to
be carried out in a material, exhibiting a superconduct-
ing gap ∆, a large decrease of EF from EF (Tc) down to
EF (0) = µ(c0) = b−∆ should be expected (b designates
the bottom of the conduction band).
For T > 10K, the electron specific heat is
overwhelmed8 by the lattice contribution Cφ, so that
there are no accurate experimental data26 for Cs(T ).
Such a hurdle might be dodged by making the kind of dif-
ferential measurement to be described now. A constant
heat power W is fed into a thermally insulated sample,
while its time-dependent temperature T (t) is monitored.
Meanwhile, a square-wave current I(t + tp) = I(t),∀t,
such that I
(
t ∈
[
− tp2 , 0
])
= 0, I
(
t ∈
[
0, tp2
])
= Ic (Ic
stands for the critical current), is flown through the sam-
ple, so that the sample switches periodically from super-
conducting to normal. Thus T (t) can be obtained by
solving
W = (Cφ(T ) + Cs(T )) T˙
(
t ∈
[
− tp2 , 0
])
W = (Cφ(T ) + Cn(T )) T˙
(
t ∈
[
0, tp2
]) ,
7with T˙ = dTdt . By using a lock-in detection technique,
Cs(T ) − Cn(T ) could be extracted from the measured
signal T˙ (t), despite Cφ >> Cs, Cn. Note5 that Cφ, Cn,
unlike Cs, do not depend on the current I and Cn can
always be measured at low T and then extrapolated8 up
to Tc thanks to Cn(T ) = (pikB)
2
3 ρ(EF )T .
VI. CONCLUSION
A criterion, warranting the stability of the supercon-
ducting phase, has been worked out and found to agree
with a prerequisite, established previously for persistent
currents9. A calculation of Tc, based on the one-electron
band structure and the interelectron coupling, has been
devised and the utmost sensitivity of Tc with respect
to electron concentration, has been emphasised, which
hints at still higher Tc being reached, provided electron
concentration can be controlled with great accuracy. At
last, this work confirms a previous conclusion, based on
the study of persistent currents9, thermal equilibrium5
and the Josephson effect6, that a repulsive interelectron
force, such as the Coulomb one, is by all means re-
quired for superconductivity to occur. In the mainstream
interpretation27 of the properties of high-Tc materials,
such a repulsive force is also believed to be instrumental
above Tc but it is nevertheless concluded that it cannot
give rise to superconductivity below Tc in contradiction
with this work.
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